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Abstract
Understanding the mechanisms of DNA molecule evolution and mutation, both over population evo-
lutionary time scales and within the human lifespan, is of significant scientific interest. We will focus
on DNA molecules suspected to have biased transition parameters (where certain nucleotide substitu-
tions are more favored than others) and those that should be studied using a finite-sites approach. To
understand the behavior of a set of cells of interest, we will rely on multi-parametric stochastic evolu-
tionary models that take multiple parameters as input and produce nucleotide sequences sampled from
a population of individuals or cells as output.

At first, we will propose a method to summarize complex and large genomic data into a vector of
low-dimensional summary statistics using a deep learning algorithm inspired by Sanchez et al. 2021 and
that we adapted to handle nucleotide sequences that differentiate the A, T, C, and G bases.

In a second stage, we will perform an inference task to fit the parameters of a stochastic model to
our study data. To do this, we will use an adaptive sequential Monte Carlo algorithm, where each step
involves running an approximate Bayesian computation random forest algorithm that uses simulated
data to derive an increasingly precise posterior distribution.

Our results will show our algorithm’s ability of inferring parameters for a finite site model generating
sequences with multiple non-visible mutations.
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Introduction

This report is the result of a four month internship at the Herbert and Florence Irving Institute for Can-
cer Dynamics (IICD) at Columbia University. The IICD is a multidisciplinary institute that explores
the relationship between mathematical sciences and cancer research. The main goal of the laboratory
is to improve understanding of cancer biology, its origins, treatment and prevention. The IICD focuses
on multiple scales, from cellular and gene expression levels to entire populations. Those researches are
supported by strong statistical and data science methodologies, including stochastic computation, bioin-
formatics, and causal inference.

My own project takes a closer look on mathematical evolutionary models for cancer. More specifi-
cally, I will focus on the methods that would allow us to fit those mathematical evolutionary models to
specific cancer data. Indeed, if this happens to be possible, it would therefore be possible to generate
new relevant genomic data X and thus to study more deeply different biological phenomena observed in
cancer cells.

My approach is motivated by recent breakthroughs in parameter inference for population genomics
evolutionary models (which are very similar to those in oncology). In fact, different brand new inference
methods have been proposed since 2019, combining deep learning and likelihood free inference methods
developed since late 90s and known as Approximate Bayesian Computation (ABC) algorithms (ABC
was used for posterior inference for the first time by Tavaré et al. 1997 and by Fu and Li 1997).

There are multiple challenges to tackle to be able to infer evolutionary models parameters from ge-
nomic data X observed in a sample of cells. In brief, we have to deal with models parameterized by
a large multivariate vector of parameters θ and characterized by an intractable likelihood. Moreover,
the observed genetic data X produced by the simulations are of extremely large dimension. Therefore,
different mathematical tools have been introduced in this context and they must be used simultaneously
to realize the inference task.

In Section 1, we will present the stochastic models we’re using to generate nucleotide sequences
sampled in a population of cells (Kingman 1982, Baumdicker et al. 2022). Afterwards, in Section 2,
we will present the general idea behind the ABC algorithms before showing how random forests with
an adaptive metric for multivariate parameters can allow efficient estimation of a posterior distribution
of a large multivariate vector of parameters θ, even when the data observed are still relatively high-
dimensional (Raynal et al. 2018, Ćevid et al. 2022, Dinh et al. 2024a). Finally, in Section 3, we will
describe a strategy we adapted from Sanchez et al. 2021 to summarize a genomic matrix X into an
informative multivariate statistic with at least the same number of components as the target parameter
θ. Ultimately, in Section 4, we will present our global framework and our results that show the efficiency
of the novel inference methodology as well as the relevance of the neural network architecture to generate
informative summary statistics.
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1 Stochastic models for cancer evolution

During our research, we primarily used the msprime Python library, as described by Baumdicker et
al. 2022, to run mathematical stochastic models M. These models take a set of parameters θ ∈ Rd

and generate genetic information for a number I of cells or individuals that evolved from a common
ancestor. The generated data is designed to be similar to real genetic data available. Our research
focused specifically on multi-parametric mutation models and we considered recombination-free
scenarios.

In this section, we are going to present the essential elements of the stochastic models we used to
generate data.

1.1 Coalescent model

1.1.1 Generate evolutionary trees

First, we need to be able to generate evolutionary trees that will propose an explanation of the history
of our sample of I cells and the way they originated from a common ancestor. To do so, we will rely on a
coalescence simulation framework proposed by Kelleher, Etheridge, and McVean 2016 and implemented
in the msprime python library by Baumdicker et al. 2022

The main idea of the coalescent model, mainly at-
tributed to Kingman 1982, is to derive a chrono-
gram that will be built from the bottom (from the I
current cells) by determining iteratively the timing
of the coalescent events (the time when a common
parent cell gave two child cells) and the cells taking
part in those events. There are exactly I − 1 co-
alescent events in a simulation with a final sample
of I cells. After j coalescent events, the sample of
I cells has I − j distinct ancestors. The successive
times between two coalescent events (Tj)I≥j≥2 (Tj

corresponding to the length of time the sample of I
cells had j distinct ancestors) follow an exponential
distribution of parameters

((
j
2

))
I≥j≥2

.
Figure 1: Evolutionary tree (I = 8 cells)

1.1.2 Generate mutations

Having built an evolutionary tree for a sample of I
cells, we have to generate mutations that will occur
along the branches of the phylogenetic tree on a
specific site of the genome.
In the coalescent model, the number of mutations
on a branch of the tree with length l follows a Pois-
son distribution with mean lθ

2 . The parameter θ

in our stochastic models is related to the mutation
rate per gene per generation, µ, and the overall pop-
ulation size, N , by the equation θ = 2Nµ.

Figure 2: Evolutionary tree with mutations
(I = 8 cells)
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1.2 Infinite Sites Model VS Finite Sites Model

A site is represented by a single nucleotide (A,C, T or G). To place mutations along the sites of the
genome, there are two major class of models we can use : The Infinite Sites Model (ISM) intro-
duced by Kimura 1969 and The Finite Sites Model (FSM). Let’s see what are the assumptions and
differences between those two models.

The Finite sites Model assumptions :

- A fixed number S of sites where mutations
can occur

- A fixed site s can witness multiple muta-
tions.

The Infinite sites Model assumptions :

- There are an infinite number of sites where
mutations can occur

- No mutation can occur twice on the same
site

The ISM is making more assumptions, therefore using it to model real dataset is sometimes leading
to severe biases in the estimation of different parameters as the population mutation rate (it has been
highlighted by Mathew et al. 2013). However, the ISM is still widely used because it is easier to derive
interesting summary statistics from data generated with this framework.

1.3 The selected model : a 13-parameter model

The model we will keep in our work is a coalescent FSM MFSM . The overall population N , the sam-
pled population I, the number of sites observed S and the root distribution (πA,πT ,πC ,πG) of the 4
nucleotides A, C, T, G in the common ancestor will all be fixed before running the simulation.

Our vector of parameters θ = (θ1, . . . ,θ13) resides in R+ × [0, 1]12. The
first parameter, θ1, represents the overall mutation rate, as introduced in
Section 1.1.2. The parameters θ2 through θ13 correspond to transition
parameters. Specifically, we assume that for a fixed ancestral nucleotide
na ∈ {A,C, T,G} mutating, the mutated nucleotide nm is chosen thanks
to the transition probabilities πnanm that are parameters of MFSM . This
assumption reflects practical observations and is crucial for accurately mod-
eling certain datasets (see Konrad et al. 2017). There are 12 transition
parameters and they satisfy

∀ n ∈ {A,C, T,G},
∑

a∈{A,C,T,G}

πna = 1

.

Figure 3: General
transition matrix

In Section 2, we will explain how we expect to infer the parameters of real genomic data we observe
in cells (Xobs) by leveraging the possibility to simulate data from a general stochastic modelM. Finally,
in section 3, we will present a method to generate informative summary statistics for data generated
with the finite sites model MFSM .

7



2 Parameter inference for models with intractable like-

lihood

Let Xobs ∈ Rm be our observed genomic data consisting of position-informed nucleotide sequences
found in chromosomes sampled from a single population of chromosomes. From this raw data, we will
suppose in this part that we can extract low-dimensional informative summary statistics denoted by
Sobs = S(Xobs) (n << m). The extraction of summary statistics in the context of FSM will be the
focus of Section 3.

LetM be a general stochastic model taking a vector of parameters θ ∈ Rd as input, so that X =M(θ)

is a random variable outputted by a simulation from the model M. We assume that we are given
a prior π over the vector of parameters θ. Our goal is, having observed an output Xobs from one
simulation, to infer the posterior distribution π( · |Xobs) which contains, in Bayesian inference, the
complete knowledge we can have on the value θ used to generate Xobs. Bayes’ Theorem gives us that

π(θ|Xobs) =
P(Xobs|θ)π(θ)∫

Rd P(Xobs|θ′)π(θ′)dθ′
However, in the context of statistical inference for stochastic models, computing the likelihood func-

tion is either very difficult or impossible, and that is the reason why population geneticists developed an
empirical framework, Approximate Bayesian Computation (ABC), to compute the posterior in the cases
where we can simulate easily new datasets but we have an uncomputable likelihood.

2.1 Approximate Bayesian Computation

Approximate Bayesian computation (ABC) is a particular case of the "likelihood-free” Bayesian methods
that has proven to be an effective and intuitive way of performing an approximate Bayesian analysis
(Sisson, Fan, and M. A. Beaumont 2018). First, we need a function S which summarizes an observation
X into a lower dimension vector S = S(X). Then we will use different methods to derive an approximation
π
(
θ|∥S(X)− S(Xobs)∥ < ϵ

)
of the posterior distribution π

(
θ|Xobs

)
. ϵ is a threshold to be determined.

The first intuitive algorithm is the ABC rejection algorithm

Algorithm 1: ABC rejection

1 for i = 1, . . . , N do
2 Sample θ ∼ π

3 Simulate data X from the model with parameter θ

4 Compute summary statistics S = S(X)

5 if ∥S(X)− S(Xobs)∥ ≥ ϵ then
6 return to Step 2

7 θ(i) ← θ

This method can be very efficient when θ is one-dimensional, but it is more complicated in higher
dimensions. Indeed, a main drawback of this method is that the number of simulations needs to be
exponentially large in the dimension of S to approximate as precisely the distribution πϵ

ABC(θ) =

π
(
θ|∥S(X)− S(Xobs)∥ < ϵ

)
. Moreover, this ABC framework doesn’t give good results when the sum-

mary statistics are high-dimensional with strong correlations between the variables (cf. Biau, Cérou, and
Guyader 2015). In addition, the choice of the hyperparameter ϵ has a significant impact on both the
result and the computational cost of the algorithm.

As a result, we will introduce a random forest methodology in the context of ABC parameter inference
that has been proposed by Raynal et al. 2018 and leads to better results.
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2.2 Random Forest for ABC parameter inference

The Random Forest (RF) methodology proposed by Breiman 2001 has been used by Raynal et al. 2018
as a non-parametric regression method to approximate the posterior distribution π( · |Xobs) of a single
parameter θ ∈ R when the summary statistics are high-dimensional.

2.2.1 Random Forest

The regression setting of Breiman’s RF aims to explain a variable θ ∈ R by a vector of covariates
S = S(X) = (S(1), . . . , S(n)) ∈ Rn. Let’s draw N parameters θ1, . . . ,θN ∼ π and simulate X1, . . . ,XN ∼
M(θ1), . . . ,M(θN ). We define X = {X1 . . . ,XN} ⊂ Rm.

First, a RF has to be trained with a training dataset D = (θi,Si = S(Xi))1≤i≤N . The training
consists in building a fixed number B of binary trees so that each tree Tb (for b ∈ {1, . . . , B}) provides
a partition of the covariate space Rn.

Each tree is built iteratively from the top and each parent node corresponds to a binary rule that will
partition the training dataset. At each parent node V , a pair (jV , sV ) ∈ J1, nK×R is chosen so that the
node corresponds to the binary rule S(jV ) ≤ sV versus S(jV ) > sV and minimizes a L2-loss criterion on
DV ⊂ D (DV are the points that verify all the binary rules in the path from the root of the tree to V ).

Let L and R be the 2 child nodes of V , and let

{
DL := {(θ,S) ∈ DV | S(jV ) ≤ sV }

DR := {(θ,S) ∈ DV | S(jV ) > sV }
The L2-loss criterion to minimize is the following one :

1

|DV |

 ∑
(θ,s)∈DL

(
θ− θ̄L

)2
+

∑
(θ,s)∈DR

(
θ− θ̄R

)2
where θ̄L =

1

|DL|
∑

(θ,s)∈DL

θ and θ̄R =
1

|DR|
∑

(θ,s)∈DL

θ. When the building of a tree is complete (each leaf

can’t split further because they meet a stopping criterion), the leaves L1
b , . . . , L

Kb

b of the tree Tb give us

a partition Rm =

Kb⊔
l=1

El
b of the covariate space in which lives X.

It is worth noting that to assure diversity among the B trees, the root dataset Db of the tree Tb is
chosen randomly as a subset of our complete training dataset D, and the splitting dimension jV at a
node V is also chosen among a set of dimensions chosen randomly.

Let’s see now how Raynal et al. 2018 uses a RF to compute an approximation of the posterior
expectation and the posterior distribution.

2.2.2 Computing a posterior distribution

Let Xobs be the data observed for which we want to infer the posterior distribution π
(
· |Xobs

)
. We will

use the forest built with the training dataset D to determine an approximated posterior distribution of
θ knowing Xobs.
In practice, we will try to determine weights for each training point

(
wi(Xobs)

)
1≤i≤N

so that


(
w1(Xobs), . . . , wN (Xobs)

)
∝
(
π
(
θ1|Xobs

)
, . . . ,π

(
θN |Xobs

))
N∑
i=1

wi(Xobs) = 1
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Let’s define ∀ b ∈ J1, BK, Xb := X ∩ {Xb | ∃ θb, (θb,S(Xb)) ∈ Db}, and

wi(Xobs) :=
1

B

B∑
b=1

Kb∑
l=1

1(Xobs ∈ El
b)1(Xi ∈ El

b ∩ Xb)

|El
b ∩ Xb|

. ∀ i ∈ J1, NK

Because we have a partition Rm =

Kb⊔
l=1

El
b, for all b ∈ J1, BK, then

∀ b ∈ J1, BK, ∃! lobsb ∈ J1,KbK, Xobs ∈ El
b

So
N∑
i=1

wi(Xobs) =

N∑
i=1

1

B

B∑
b=1

Kb∑
l=1

1(Xobs ∈ El
b)1(Xi ∈ El

b ∩ Xb))

|El
b ∩ Xb|

=

N∑
i=1

1

B

B∑
b=1

1(Xi ∈ E
lobsb

b ∩ Xb)

|Elb(Xobs)
b ∩ Xb|

=
1

B

B∑
b=1

(
N∑
i=1

1(Xi ∈ E
lobsb

b ∩ Xb)

|Elb(Xobs)
b ∩ Xb|

)
︸ ︷︷ ︸

=1

= 1

The methodology we summarized above, which is the one followed by Raynal et al. 2018, allows
to compute weights that approximate the posterior distribution π

(
· |Xobs

)
by an empirical distribu-

tion πABC−RF

(
· |S(Xobs)

)
. This method is way more consistent and efficient than the standard ABC

methods when the summary statistics are high-dimensional and contain noise or irrelevant components.
However, this method is designed for a setup where θ is a scalar and it is discussed in Raynal et al. 2018
that the attempts were unfruitful for multidimensional correlated parameters.

In the next section, we will introduce a state of the art algorithm used to estimate a multivariate con-
ditional distribution and based on the ABC-RF framework we just introduced. It is called distributional
random forest (Ćevid et al. 2022).

2.3 Distributional Random Forests for multivariate parameter

In this section we will present a novel forest construction introduced by Ćevid et al. 2022 that introduces
a new criterion to split trees nodes in order to estimate a joint posterior distribution π

(
θ|Xobs

)
when

θ ∈ Rd with d > 1.
This method is in line with Breiman 2001’s RF approach, but is based on the use of a multivariate

two-sample test statistic in order to partition the data instead of the L2 criterion. This is indeed a way
to deal with correlated parameters and to assure that the resulting distributions in the leaf nodes are as
homogeneous as possible.

Identifying the most suitable metric is particularly challenging due to the curse of dimensionality.
The metric must efficiently detect any changes in distribution when building the tree and partitioning the
data, a task that is inherently difficult for multivariate data. Additionally, the metric must be compu-
tationally efficient as it is extensively used in the algorithm. These challenges are underscored by Ćevid
et al. 2022, who propose a metric based on an approximation of the Maximal Mean Discrepancy (MMD)
two-sample test statistic introduced by Gretton et al. 2007, which meets both of these requirements.
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Let k : Rd × Rd → R be a positive-definite kernel. The MMD statistic for kernel k and two samples
Θ(1) and Θ(2) both included in Rd is defined in the following way :

MMDk(Θ
(1),Θ(2)) =

1

|Θ(1)|2
∑

θ
(1)
1 ∈Θ(1)

θ
(1)
2 ∈Θ(1)

k(θ
(1)
1 , θ

(1)
2 ) +

1

|Θ(2)|2
∑

θ
(2)
1 ∈Θ(2)

θ
(2)
2 ∈Θ(2)

k(θ
(2)
1 , θ

(2)
2 )

︸ ︷︷ ︸
evaluates similarities within each sample

− 2

|Θ(1)||Θ(2)|
∑

θ(1)∈Θ(1)

θ(2)∈Θ(2)

k(θ(1), θ(2))

︸ ︷︷ ︸
evaluate similarities across the 2 samples

This previous expression has a complexity of O(|Θ(1)|2 + |Θ(2)|2) which is too large for many appli-
cations. Consequently, Ćevid et al. 2022 suggest to use a fast approximation of the MMD.

A Hilbert Space (H, ⟨·, ·⟩H) called the Reproducing Kernel Hilbert Space (RKHS) of real-valued
functions on Rd induced by k can be defined such that there exists a function φ : Rd → H that satisfies
k (θ1, θ2) = ⟨φ(θ1),φ(θ2)⟩H.

One immediate consequence of that is that we can write the MMD statistic like this :

MMDk(Θ
(1),Θ(2)) =

∥∥∥∥∥∥ 1

|Θ(1)|
∑

θ(1)∈Θ(1)

φ(θ(1))− 1

|Θ(2)|
∑

θ(2)∈Θ(2)

φ(θ(2))

∥∥∥∥∥∥
2

H

Then, we use an expression of the kernel k as a Fourier transform of some measure ν (Bochner’s

theorem): k(θ(1), θ(2)) =

∫
Rd

eiω
T (θ(1)−θ(2))dν(ω) in order to derive the approximation kF of k with

kF (θ(1), θ(2)) =
1

F

F∑
f=1

eiω
T
f (θ(1)−θ(2))

where (ωf )1≤f≤F are frequency vectors randomly sampled from ν and F is an arbitrary integer.

Finally we can define ∀ ω ∈ Rd,φF
ω(θ) = eiω

Tθ. This feature map satisfies

kF (θ1, θ2) =
1√
F

(
φF

ω1
(θ1), . . . ,φF

ωF
(θ1)

)
× 1√

F


φF

ω1
(θ2)
...

φF
ωF

(θ2)


It defines consequently the following random approximation of MMDk(Θ

(1),Θ(2)) :

MMDkF (Θ(1),Θ(2)) =
1

F

F∑
f=1

∣∣∣∣∣∣ 1

|Θ(1)|
∑

θ(1)∈Θ(1)

φF
ωf

(θ(1))− 1

|Θ(2)|
∑

θ(2)∈Θ(2)

φF
ωf

(θ(2))

∣∣∣∣∣∣
2

In practice, we will take k a Gaussian kernel with bandwidth σ, resulting in ωT
1 , . . . ,ω

T
F ∼ Nd

(
0,σ−2Id

)
.

The computational cost of this expression is now O
(
F (|Θ(1)|+ |Θ(2)|)

)
which is linear and no more

quadratic in the size of the sample.

Ćevid et al. 2022 developed an R library which implements the building of clustering random forests
with this approximation of the Maximum Mean Discrepancy criterion to split the parent nodes. This
method called distributional random forest allows to realize Bayesian inference for high-dimensional
summary statistics and multivariate parameters θ while necessiting a lower computational cost than
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traditional ABC methods like Algorithm 1.

Dinh et al. 2024a assessed the efficiency of the ABC-RF method as well as its limitations on stochastic
models in ecology, population genetics and systems biology. Indeed, they showed that there can be high
uncertainty in the posterior if the prior distribution is uninformative and they adapted a sequential
Monte Carlo method to ABC-RF, enabling an improvement in the accuracy of the estimated posterior
distribution while maintaining a reasonable computational cost. We will explain what it is about and
make it adaptive in a certain way we will make explicit.

2.4 Sequential Adaptive Monte-Carlo

The idea proposed by Sisson, Fan, and Tanaka 2007 was to modify an approximate Bayesian computation
algorithm and to make it sequential. More precisely, we won’t draw anymore all the parameters θ1, . . . ,θN
from the prior π to infer the posterior (which can be very long or inefficient if the prior is not well
calibrated). On the contrary, we will realize multiple iterations. At each iteration t ≥ 1, we will only
draw a smaller set of parameters θt1, . . . θ

t
Nf

, with Nf being a fraction of N , run an ABC algorithm on
the points Xt

1, . . . ,X
t
Nf

generated from the Nf parameters just drawn, and use the results to propose
a better prior distribution for the next iteration t + 1. In our case, it will not accelerate as much the
building of the trees when using the ABC-RF algorithm (from O(N log(N)) to O(N log(Nf ))) but it will
enable better convergence results and better approximation of the posterior.

As highlighted in the work of Beaumont et al. 2009 and by Dinh et al. 2024a, the critical part in this
algorithm that can have a huge impact on the rightness of the method is the way we will sample the
parameters θt+1

1 , . . . θt+1
Nf

at the iteration t + 1 ≥ 2 from the posterior πt( · |Xobs) obtained at the end
of the tth iteration. As a result, Beaumont et al. 2009 proposed what they call an "adaptive" method
inspired by population Monte Carlo method of Cappé et al. 2004.

The idea is to draw at the first step t = 1,

∀ i ∈ {1, . . . , Nf}, θ1i ∼ π( · )

and then at each other step t+ 1 ≥ 2

∀ i ∈ {1, . . . , Nf}, θt+1
i ∼ N (θ̃t, τ2t ) with


θ̃t ∼ πt( · |Xobs)

τ2t =
2

Nf

Nf∑
i=1

θti −
1

Nf

Nf∑
j=1

θtj

2

In practice, at each step t, once the training set of parameters θt1, . . . θ
t
Nf

has been drawn by this
adaptive sampling method, we will use ABC-RF to compute πt+1( · |Xobs). Now that we have a clear
theoretical idea of how we can compute efficiently a good approximation of a posterior distribution for
our multivariate parameter θ ∈ Rd, we have still to explicit our strategy to derive informative summary
statistics from a dataset we assume to be generated from a Finite Sites Model framework. That will be
the core subject of the Section 3 that comes next.
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3 Deep Learning to generate informative summary statis-

tics

In our work, we want to focus on a mutation model which is a Finite Sites Model (cf Section 1.2). To do
so, we have to be able to generate sufficient, or at least informative summary statistics from an output
X of our finite sites model MFSM .

First, let’s clarify what will be the shape and the content of one data point X. In the context of the
FSM, we have a fixed number I of individuals from a common ancestor and a fixed number S of sites for
which we have information about the ancestral nucleotide and the mutated one, as well as an indication
of the position of this nucleotide in the sequence. The allowed nucleotides are A, T,C,G that are labeled
respectively 0, 1, 2, 3. We summarize those data in a tensor X as follows :

Figure 4: Format of our data points

For all (i, j) ∈ J1, IK × J1, SK, Xi,j ∈ R16 because it contains
the information about the ancestral nucleotide and the current
one at the site in position j for the individual/cell i. Let aj ∈
{0, 1, 2, 3} be the ancestral nucleotide at position j and ni,j ∈
{0, 1, 2, 3} be the current nucleotide at the same position for
the ith individual.

Then ∀k ∈ J1, 16K, Xi,j,k = 1(k = 4aj +ni,j +1). Therefore, our tensor X consists of 16×S× (I+1)

integers. It can be extremely large even for relatively small sequences (≈ 107 for 100 individuals and
4000 base pairs).

As a consequence, it is essential to be able to reduce our data X into a low-dimensional vector S(X)

to be able to apply the parameter inference methods we presented in Section 2. First, we will recall
the results obtained by Jiang et al. 2017 concerning the sufficiency of the posterior mean as a summary
statistic. Later, inspired by the work of Sanchez et al. 2021, we will adapt a convolutional neural network
to generate summary statistics that are approximately the posterior means of the parameters we want
to infer.
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3.1 A theoretical result on the sufficiency of a Summary Statistic

In the context of the ABC-rejection algorithm (Algorithm 1), several results have been demonstrated con-
cerning πϵ

ABC(θ) in the case where we consider that our summary statistic is the vector S(X) = Eπ [θ|X]

that is supposed known. Indeed, Jiang et al. 2017 gives a proof of the following theorem :

Theorem 1. If Eπ[|θ|] <∞, then S(X) = Eπ[θ|X] is well defined.
Moreover, for a fixed observation Xobs, the Algorithm 1 with summary statistics S, tolerance threshold
ϵ and norm ∥ · ∥ gives the following results for the posterior πϵ

ABC = π(θ|∥S(X)− S(Xobs)∥ < ϵ):∥∥Eπϵ
ABC

[θ]− S(Xobs)
∥∥ < ϵ

Eπϵ
ABC

[θ] −→
ϵ→0

Eπ[θ|Xobs]

This result means that by taking as summary statistics the posterior averages of our objective pa-
rameters Eπ

[
θ|Xobs

]
, we don’t lose any first-order information about Xobs.

We can even derive a stronger result which is the following extension stated by Jiang et al. 2017 in
the case where S(X) = (Eπ[f1(θ)|X], . . . ,Eπ[fK(θ)|X]) but for which we didn’t find a demonstration in
the paper. We will present the result and propose a demonstration.

Theorem 2. We assume θ ∈ Rd and consider the square integrable space with its inner product(
L2(Rd), ⟨·, ·⟩2

)
For a fixed Xobs, we assume that π( · |Xobs) ∈ L2(Rd).
Let (fk)k∈N∗ be an orthonormal basis of this Hilbert space.
We define K ∈ N∗ and ϵ ∈ R∗

+.
Then, by defining the K−dimensional summary statistics S(Xobs) =

(
Eπ[f1(θ)|Xobs], . . . ,Eπ[fK(θ)|Xobs]

)
and πϵ,K

ABC = π(θ|∥S(X)− S(Xobs)∥ < ϵ) we have,

πϵ,K
ABC ⇀

ϵ→0
K→∞

π( · |Xobs)
(
converges weakly in L2

(
Rd
))

if we have furthermore K1/2ϵ→ 0

Proof. Let f be a L2(Rd) function. We can write f =

∞∑
k=1

αkfk.

We want to show ⟨πϵ,K
ABC , f⟩ −→ϵ→0

K→∞

⟨π( · |Xobs), f⟩.
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∣∣∣⟨πϵ,K
ABC , f⟩ − ⟨π( · |X

obs), f⟩
∣∣∣ = ∣∣∣∣∣

∞∑
k=1

αk

(
⟨πϵ,K

ABC , fk⟩ − ⟨π( · |X
obs), fk⟩

)∣∣∣∣∣
≤

∞∑
k=1

|αk|

∣∣∣∣∣
∫ b

a

πϵ,K
ABC(θ)fk(θ)dθ−

∫ b

a

π(θ|Xobs)fk(θ)dθ

∣∣∣∣∣︸ ︷︷ ︸
=

∣∣∣∣Eπ
ϵ,K
ABC

[fk(θ)]−Eπ[fk(θ)|Xobs]

∣∣∣∣
≤
(

max
1≤k≤K

|αk|
)√

K

∥∥∥∥(Eπ
ϵ,K
ABC

[fk(θ)]
)
1≤k≤K

− S(Xobs)

∥∥∥∥
RK

+RK

(Cauchy-Schwarz in RK)

≤ A
√
Kϵ+ RK︸︷︷︸

−→
K→∞

0

(application of Theorem 1)

The result follows. Please refer to the supplementary material (24) for further details for this proof.

The Theorem 2 establishes the feasibility of a global approximation of the posterior distribution with
summary statistics that are posterior means of functions of the parameters θ. This justifies that re-
searchers have been trying to approximate those posterior means to use them as summary statistics in
an ABC framework in cases were we don’t know other informative statistics. One promising way to do
so is to use deep neural networks (cf. Jiang et al. 2017, Sanchez et al. 2021).

In the next part we will present and justify the structure of the SPIDNA neural network, developed
by Sanchez et al. 2021, whose goal is to infer the summary statistics Eπ

[
θ|Xobs

]
from Xobs in the specific

context of Xobs being a single nucleotide polymorphic sites matrix with only a distinction between an
ancestral allele and a derived one, encoded respectively by 0 and 1. After that, we will slightly adapt
the SPIDNA to our data format.

3.2 SPIDNA Neural Network for genomic data

A designed neural network aiming to infer parameters from a position-informed set of nucleotide sequences
X ∈ {0, 1}S×(I+1) has to be invariant in the ordering of the nucleotide sequences that are encoded in
the first I rows of X (the positional information are encoded in the last row XI+1). To do so, one can
design a network so that its regression function f is sum-decomposable in the first I rows of X, i.e. so
that there are functions ρ and ϕ such that

f(X) = ρ

 ∑
i∈J1,IK

ϕ(Xi)

 .

That is the idea introduced by Zaheer et al. 2017 and used by Sanchez et al. 2021 to design their networks.
Moreover, as X has a value in a finite set X ⊂ {0, 1}S×(I+1), a result derived by Zaheer et al. 2017 states
that

A function f(X) is permutation-invariant iff it can be decomposed in the form ρ

 ∑
i∈J1,IK

ϕ(Xi)

 ,

making the idea of finding a regression function f that is sum-decomposable all the more relevant.
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In practice, the SPIDNA network proposed by Sanchez et al. 2021 fits the weights of a convolutional
neural network that serves as the ϕ function and also aggregates positional information from XI+1.
Finally, the ρ function consists in feeding the ϕ’s outputs into a fully-connected layer.

Using the SPIDNA network as a starting point, we will propose a network very similar and adapted
to our data format which is now X ⊂ {0, 1}16×S×(I+1) (instead of {0, 1}S×(I+1)) to generate an approx-
imation Êπ[θ|X] of Eπ[θ|X].

3.3 Defining a Multiallelic SPIDNA

We assume that we can draw parameters θ from a prior π and then generate data X thanks to a model
M(θ) as described in Section 1.

The architecture of our Multiallelic SPIDNA (M-SPIDNA) network is illustrated below. Filters,
which can be viewed as kernels, are applied independently to the genotype tensor and the bases positions
matrix. This approach enables the learning of the joint behavior of neighboring nucleotides, generating
relevant features. These features are then passed through another set of weighted kernels to derive the
final features. These final features are averaged and aggregated with trained weights to produce the
prediction Êπ[θ|X]. The overall network has 5024 trainable weights.

Figure 5: Multiallelic SPIDNA architecture

We were inspired by convolution on 3D tensors with 3D filters to design the 1× 3× 16 kernels suited
for this multiallelic configuration. We set the number of filters to 16, which is bigger than 13 to have
at least 13 parameters after the final averaging, to predict the posterior means of the 13 parameters of
the stochastic model we’re focusing on. After testing several training loss, we chose the SmoothL1Loss
which is a combination between an L1 and an L2 loss.

We could increase the number of filters and the number of outputed values of our network so that it
fits the Eπ[fk(θ)|X] for k ∈ N∗ as in Theorem 2, and expect therefore to have more informative summary
statistics generated by the M-SPIDNA.
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4 Synthetic framework and Results

As a reminder, the data observed Xobs is a position-informed genotype matrix that can either be real
data obtained thanks to single-cell sequencing or simulated data. The details concerning the shape and
the information contained in Xobs are given in Section 3. Moreover, we have at our disposal a stochastic
coalescent finite site modelMFSM for generating new data X with the exact same information as Xobs.
The details of the modelMFSM are given in Section 1. Given a prior π and an observed data Xobs, we
will use the deep learning network introduced in Section 3, as well as the mathematical tools presented
in section 2 to try to get as close as possible to the posterior distribution π(θ|Xobs). In practice, our
prior will be U([a, b])×Dir([1,1,1])⊗4 with Dir([1, 1, 1]) being the uniform Dirichlet distribution on the
3D simplex, and [a, b] the range of the mutation rate.

4.1 Parameter inference framework

Let’s look at our parameter inference framework (cf. Algorithm 2). The green boxes Xobs and π(θ) are
respectively the given objective data and the chosen prior for the multivariate parameter θ we want to
infer.

The first step in the large blue box is to generate a first training dataset D from the prior (using
our stochastic modelMFSM ) to train our summary-statistics generator, the M-SPIDNA neural-network
(the training of the M-SPIDNA is the step in purple). Notice that each time we change one of the fixed
parameters ofMFSM as for example the root distribution (πA,πT ,πC ,πG), or when we change our prior
π(θ), we have to re-train our summary-statistics generator.

Then, once our summary-statistics generator is ready, we can effectively apply the SMC-ABC-RF
framework presented in section 2. We use the Michel and Cevid 2021 drf library and got inspired by
Dinh et al. 2024b’s abcsmcrf library. We iteratively draw, at each step t, a set of training parameters
from the current best posterior estimation obtained πt−1( · |Xobs) (or π at the step 1) and approximate
a more precise posterior by classifying summarized data and comparing it with the objective S(Xobs)

thanks to the ABC-RF algorithm using random forest.

Figure 6: Schematic overview of the M-SPIDNA-SMC-ABC-RF process implemented

17



We will compare two approaches :

- On the one hand, our data X have S sites that are all sites with visible mutations (at least one
individual has a different nucleotide from the ancestral one). We call this approach the "SNPs-only"
approach.

- On the other hand we will consider data X with S sites that are a continuous sequence of the
genome (with visible mutation, invisible ones and without any mutation). We call this approach
the "full-sequence" approach.

4.2 Results on simulated data

4.2.1 Define useful metrics

In this part, our observed data Xobs for which we will try to infer the parameters θ will be generated by
the modelMFSM . Consequently, we will know what are the true values of θ and will be able to quantify
the accuracy of our predictor θ̂ := EπT ( · |Xobs)[θ].

We can use the one dimensional relative root mean square error (RRMSE) for P experiments with
(θp, θ̂p)1≤p≤P :

∀ i ∈ J1, 13K, RRMSEi =

√√√√√√√√√√
1

P

P∑
p=1

(
θpi − θ̂pi

)2
1

P

P∑
p=1

(θ̂pi )
2

We will use RRMSE1 to quantify the accuracy of the prediction of the overall mutation rate.

Moreover, to address the capacity to infer at the same time all the transition parameters, we’re going
to use the average Euclidean distance (AED) and the root mean square deviation (RMSD) :

AED2:13 =
1

P

P∑
p=1

∥θp2:13 − θ̂p2:13∥

RMSD2:13 =

√√√√ 1

P

P∑
p=1

∥θp2:13 − θ̂p2:13∥
2

By taking ∀p ∈ J1, P K, θp2:13, θ̂
p
2:13

i.i.d.∼ Dir([1,1,1])⊗4, which is a uniform dirichlet distribution on
the transition parameters respecting the constraints detailed in 1.3, we find

lim
P→∞

AED2:13 ≈ 1.12

lim
P→∞

RMSD2:13 ≈ 1.15

Having those values in mind will allow us to have a better idea of the performance of our predictions.

It is useful to use those two metrics (AED2:13 and RMSD2:13) as the first one will give us exclusively
information about an average accuracy of the prediction while the second one will also highlight occasional
very bad predictions.
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4.2.2 Results

We will run six different experiments with three different mutation rate ranges ([10−7, 10−5], [10−6, 10−4]

and [10−5, 10−3]). We display below the expected number of mutations and visible mutated sites for
different values of θ that will be in the studied ranges.

mutation rate θ1 10−7 10−6 10−5 10−4 10−3

E[#Mutations|θ1] 8 82 828 8314 82735

E[#SNPs|θ1] 8 81 744 3440 4000

Table 1: Average number of mutations and visible mutated sites (1000
simulations) for different mutation rates θ1

We can see below the transition parameter marginals of the posterior when the mutation rate is high
and there are probably multiple mutations that happened on the same sites. The predictions of the
transition parameters seem very accurate. Even the prediction of the mutation rate posterior is quite
good with E[θ1|Xobs] ≈ 0.8× 10−4 and θ1 = 0.96× 10−4.

Figure 7: πt(θ2:13|Xobs)1≤t≤5 - full-sequence & θ1 = 0.96× 10−4

The fact that the posteriors are more and more precise at each iteration of the sequential process is
highlighted on the Figure 13 in the supplementary material.

Let’s see more precisely what are the results on multiple experiments thanks to the metrics we
introduced in Section 4.2.1. We will also explain how we can validate or discuss our results with a
mathematical result using Markov chain assumptions in the supplementary material (24).
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mutation rate full-sequence SNPs-only

[10−7, 10−5] 0.422 0.510

[10−6, 10−4] 0.419 0.325

[10−5, 10−3] 0.412 0.488

Table 2: RMSD2:13

mutation rate full-sequence SNPs-only

[10−7, 10−5] 0.410 0.481

[10−6, 10−4] 0.394 0.312

[10−5, 10−3] 0.399 0.471

Table 3: AED2:13

Each score was determined after conducting P = 20 simulations and taking T = 5 iterations in the
computing of the posterior. The best score is highlighted in bold.

Please refer to 4.2.1 to have the meaning of the metrics AED2:13,RMSD2:13, and RRMSE1.

mutation rate full-sequence SNPs-only

[10−7, 10−5] 0.343 0.333

[10−6, 10−4] 0.496 0.363

[10−5, 10−3] 0.565 0.478

Table 4: RRMSE1

According to our results, it seems that the information given by sites where there are no visible
mutations are very useful for low mutation rates and high mutation rates, as it allows to have better
RMSD2:13 and AED2:13 scores. However, for intermediate mutation rates where nearly no site had 2
or more mutations during the evolution, taking only the visible mutated sites allow a better inference of
the parameters. It can be easily interpreted, indeed we may have already enough information with only
the SNPs in this case, and the other non-SNPs sites may be noising our summary statistics more than
giving useful information.

Moreover, it seems to be slightly easier to predict efficiently π(θ2:13|Xobs) when we have a significant
number of mutations as we have a better RMSD2:13 and AED2:13 for the experiments with a higher
mutation rate. Finally, the results of the full-sequence approach seem more consistent as we have very
close RMSD2:13 and AED2:13 scores for different mutation rates ranges.

4.3 Results on real mtDNA sequences

Now we will apply our algorithm to real data. We will take mitochondrial DNA (mtDNA) because
we know that mitochondria can play a critical role in cancer. Moreover those mtDNA molecules can
contain many variations among a population, and they are important in evolution to retrace the history
of populations. In addition, we know that in mtDNA, many sites must have experienced more than one
mutation thanks to previous studies (cf. Ward et al. 1991).

We tried to infer the 13 parameters of aMFSM model for an observed data Xobs
mtDNA which consists

in 4000 bases long mtDNA sequences from individuals sampled in the same haplogroup (i.e. a group of
individuals with a same geographic origin and a common ancestor around 80-90ka ago). The data has
been taken from the website mitomap by Lott et al. 2013. As the ancestral sequence, we used the revised
Cambridge Reference Sequence, presented by Andrews et al. 1999. Then we took the L4 haplogroup
sequences obtained by multiple single-cells DNA sequencing from different researchers and gathered at
Genbank IDs for haplogroup L4 2023.

We ran the Algorithm 2 with the same three priors on θ1 as in the previous Section 4.2.2 and with
our two approaches "SNPs-only" and "full-sequence" and we had some interesting results.
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πt(θ1|Xobs
mtDNA, θ1 ∈ [10−7, 10−5]) πt(θ1|Xobs

mtDNA, θ1 ∈ [10−6, 10−4]) πt(θ1|Xobs
mtDNA, θ1 ∈ [10−5, 10−3])

Figure 8: Mutation rate inference for Xobs
mtDNA (full-sequence)

πt(θ1|Xobs
mtDNA, θ1 ∈ [10−7, 10−5]) πt(θ1|Xobs

mtDNA, θ1 ∈ [10−6, 10−4]) πt(θ1|Xobs
mtDNA, θ1 ∈ [10−5, 10−3])

Figure 9: Mutation rate inference for Xobs
mtDNA (SNPs-only)

First, we can observe from above graphs that the 2 approaches both predict a mutation rate which is
in the range [10−5, 10−7] as for higher priors, all the weight of the posterior is concentrated at the lower
bound. However, the rate is a bit overestimated (as we could expect) when we only look at the SNPs.

If we focus on the most likely pre-
dictions that are the ones from
the full-sequence approach with a
prior θ1 ∈ [10−7, 10−5], we find
that it gives us an already well-
known piece of information con-
cerning the human mitochondrial
DNA, which is the predominance
of G -> A and T -> C transi-
tions (cf. Guo et al. 2023). Indeed,
the predicted expectation for those
transition parameters are respec-
tively 0.51 and 0.55, making them
two of the only three transition pa-
rameters predicted to exceed 0.5.

Figure 10: Predicted average transition parameters :
E[θ2:13|Xobs

mtDNA] (full-sequence)
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Figure 11: SNPs-only

On a second time, we will look at the estimated posterior for θ2:13. The predicted posterior is
significantly changing depending on the prior on the mutation rate θ1 in the only-SNPs approach (Figure
14) while it is quite consistent for the different priors on the mutation rate θ1 in the full-sequence
approach, confirming that this last approach may be more robust (Figure 12). Moreover, as we have a
very low number of SNPs in Xobs

mtDNA (≈ 100), it would be coherent with our previous results that the
full-sequence approach would be more efficient that the only-SNPs one in this case.

Figure 12: full-sequence
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Conclusion

In this report, we tried to infer the parameters of a stochastic finite sites evolutionary model MFSM

taking as an input a mutation rate θ1 as well as the transition parameters θ2:13 corresponding to the
πan(∀ a ∈ {A, T,C,G},∀ n ∈ {A, T,C,G}\{a}) and whose output are nucleotide sequences sampled on
a population of individuals or cells. It is a task of great interest as it could enable a better understanding
of DNA molecules in which we suspect a bias in the transition parameters as well as the ones that should
be studied in a finite sites approach.

To realize the inference task, we used an adaptive sequential Monte-Carlo algorithm where at each
step t we computed a more accurate approximation of the posterior distribution π( · |Xobs) for a fixed
observed data Xobs. At each step t of this sequential framework, we relied on the building of a random
forest (based on a different training set at each step) to derive a posterior point-mass distribution
πt( · |Xobs).

This whole algorithm could have been implemented because we managed to summarize a complex
genomic data X ∈ R6 400 000 into a vector in R13 thanks to a deep learning algorithm inspired from
Sanchez et al. 2021 but that we adapted to be able to deal with nucleotide sequences that differentiate
the A, T,C,G bases.

While our results show quite good capacity of inferring all the transition parameters at once, there
are still issues to address, points that need to be improved, and paths to explore.

First, we used here the minimal number of summary statistics needed to infer 13 parameters which is
13 summary-statistics. However, relying on the theoretical result of the Theorem 2, we could train another
M-SPIDNA (but with an output of size K > 13) to generate K summary-statistics corresponding to the
(Eπ[f1(θ)|X], . . . ,Eπ[fK(θ)|X]), and therefore being able to infer the whole posterior with an arbitrary
high precision.

Secondly, we are currently quite limited by the computational cost in memory of our algorithm, and
it has to be addressed if we want to be able to run it in a larger scale (thousands of datasets analysed
and fitted, longer DNA sequences, bigger sampled populations). The main limitation is caused by the
fact that a single data X containing I = 100 sequences of length S = 4000 in our MFSM model has a
size 16× I × S = 6 400 000. Indeed, the training of the M-SPIDNA (Section 3.3) needs to load multiple
data X at once, which can be very space consuming. To meet this challenge, one idea could be to use
bit-arrays to encode the nucleotide sequences (as the values are only zeros or ones) and then reduce
highly the memory need to store and load data.

We provide a code with some pre-trained MSPIDNA networks, that can be directly used on real
dataset or on simulated ones to infer mutation rates and transition matrices (https://github.com/mohammed-
yassinehabibi/MSPIDNA-SMC-ABC-RF).
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Supplemantary Material

Algorithm

Algorithm 2: M-SPIDNA-SMC-ABC-RF
Input : A prior π(θ); An observed data Xobs; N,Nf , T ∈ N∗

Output: An approximation of the posterior π( · |Xobs)

1 Generate a training dataset for M-SPIDNA:
2 for i = 1, . . . , N do
3 Sample θi ∼ π

4 Simulate data Xi ∼MFSM (θi)

5 Train a M-SPIDNA neural network with D = {(Xi, θi)}1≤i≤N :
6 S ←M-SPIDNA(D) ▷ cf. section 3.3

7 Infer π(θ|S(Xobs) with SMC-ABC-RF:
8 for t = 1, . . . , T do
9 if t>1 then

10 θ̄t−1 ← 1

Nf

Nf∑
i=1

θt−1
j

11 τ2t−1 ←
2

Nf

Nf∑
i=1

(θt−1
j − θ̄t−1)

12 for j = 1, . . . , Nf do
13 if t=1 then
14 Sample θtj ∼ π

15 else
16 Sample θ̃t−1

j ∼ πt−1(θ|Xobs)

17 Sample θtj ∼ N (θ̃t−1
j , τ2t−1) ▷ Adaptive perturbation (section 2.4)

18 if π(θtj) = 0 then
19 return to step 16

20 Simulate Xt
j ∼MFSM (θtj)

21 Create a forest with B trees for the set {(Xt
j , θ

t
j)}1≤j≤Nf

▷ cf. 2.2.1 and 2.3

22 Compute weights (wj
t )1≤j≤Nf

▷ cf. 2.2.2

23 πt(θ|Xobs)←
Nf∑
j=1

wj
t (X

obs)δθt
j

▷ δθt
j
is the point mass at θtj

24 return πT (θ|Xobs)

Theorem 2 details

Let’s give some details concerning the proof of Theorem 2 which is repeated below.

Theorem. We consider the square integrable space with its inner product
(
L2([a, b]), ⟨·, ·⟩2

)
For a fixed Xobs, we assume that π( · |X) ∈ L2([a, b])

Let (fk)k∈N∗ be an orthonormal basis of this Hilbert space.
We define K ∈ N∗ and ϵ ∈ R∗

+. For simplicity purpose, we will assume here that θ is univariate.
Then, by defining the K−dimensional summary statistics S(Xobs) =

(
Eπ[f1(θ)|Xobs], . . . ,Eπ[fK(θ)|Xobs]

)
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and πϵ,K
ABC = π(θ|∥S(X)− S(Xobs)∥ < ϵ) we have,

πϵ,K
ABC ⇀

ϵ→0
K→∞

π( · |Xobs) (converges weakly) if we have furthermore K1/2ϵ→ 0

Proof. Let f be a L2([a, b]) function. We can write f =

∞∑
k=1

αkfk.

We want to show ⟨πϵ,K
ABC , f⟩ −→ϵ→0

K→∞

⟨π( · |Xobs), f⟩.

∣∣∣⟨πϵ,K
ABC , f⟩ − ⟨π( · |X

obs), f⟩
∣∣∣ = ∣∣∣∣∣

∞∑
k=1

αk

(
⟨πϵ,K

ABC , fk⟩ − ⟨π( · |X
obs), fk⟩

)∣∣∣∣∣
≤

∞∑
k=1

|αk|

∣∣∣∣∣
∫ b

a

πϵ,K
ABC(θ)fk(θ)dθ−

∫ b

a

π(θ|Xobs)fk(θ)dθ

∣∣∣∣∣︸ ︷︷ ︸
=

∣∣∣∣Eπ
ϵ,K
ABC

[fk(θ)]−Eπ[fk(θ)|Xobs]

∣∣∣∣
≤
(

max
1≤k≤K

|αk|
)√

K

∥∥∥∥(Eπ
ϵ,K
ABC

[fk(θ)]
)
1≤k≤K

− S(Xobs)

∥∥∥∥
RK

+RK

(Cauchy-Schwarz in RK)

with RK =

∞∑
k=K+1

|αk|
∣∣∣〈πϵ,K

ABC − π( · |Xobs), fk

〉∣∣∣.
Let’s show that RK −→

K→∞
0

RK =

∞∑
k=K+1

|αk|
∣∣∣〈πϵ,K

ABC − π( · |Xobs), fk

〉∣∣∣ ≤
√√√√ ∞∑

k=K+1

|αk|2 ×

√√√√ ∞∑
k=K+1

∣∣∣〈πϵ,K
ABC − π( · |Xobs), fk

〉∣∣∣2
(Cauchy-Schwarz)

Yet we know


∥f∥

2

2
=

∞∑
k=1

|αk|2 <∞

∥∥∥πϵ,K
ABC − π( · |Xobs)

∥∥∥2

2

=

∞∑
k=1

∣∣∣〈πϵ,K
ABC − π( · |Xobs), fk

〉∣∣∣2 <∞

So by comparison, RK −→
K→∞

0.

We define A :=

(
max
k∈N∗

|αk|
)

(that exists because αk −→
K→∞

0).

We have∣∣∣⟨πϵ,K
ABC , f⟩ − ⟨π( · |X

obs), f⟩
∣∣∣ ≤ A

√
K

∥∥∥∥(Eπ
ϵ,K
ABC

[fk(θ)]
)
1≤k≤K

− S(Xobs)

∥∥∥∥
RK

+ oK(1)

Let’s show that
∥∥∥∥(Eπ

ϵ,K
ABC

[fk(θ)]
)
1≤k≤K

− S(Xobs)

∥∥∥∥
RK

≤ ϵ
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S(X) = Eπ[S(X)|S(X)]

= Eπ[(Eπ[fk(θ)|X])1≤k≤K |S(X)] (definition of S)

= (Eπ[fk(θ)|S(X)])1≤k≤K (Tower property)

Then, we define Eϵ = {∥S(X)− S(Xobs)∥RK < ϵ}.

We have Eπ[(fk(θ))1≤k≤K1Eϵ
] = Eπ[Eπ[(fk(θ))1≤k≤K |S(X)]1Eϵ

] (because Eϵ ∈ σ(S(X)))

= Eπ[S(X)1Eϵ
]

Finally
∥∥∥∥(Eπ

ϵ,K
ABC

[fk(θ)]
)
1≤k≤K

− S(Xobs)

∥∥∥∥
RK

=
∥∥∥(Eπ [fk(θ)|Eϵ])1≤k≤K − S(X

obs)
∥∥∥
RK

=
∥∥Eπ

[
S(X)− S(Xobs)|Eϵ

]∥∥
RK

≤ Eπ

[∥∥S(X)− S(Xobs)
∥∥
RK |Eϵ

]
< ϵ

Therefore, we have ∣∣∣⟨πϵ,K
ABC , f⟩ − ⟨π( · |X

obs), f⟩
∣∣∣ ≤ A

√
Kϵ+ oK(1)

Assess results using Markov chain assumptions

Let’s define a transition matrix Π = (πij)1≤i,j≤4 associated to a Markov-chain process.
After K steps, we have a transition matrix Q = ΠK . We assume that K∥Π− I∥ << 1 (at each step

the state has a very high probability to stay the same). We assume that we observe Q and we want to
deduce Π.

Q = (I + (Π− I))
K

= I +K(Π− I) +
K(K − 1)

2
(Π− I)2 + o(∥Π− I∥2)

= I +K(Π− I) +
[K(Π− I)]

2

2

+ o([K∥Π− I∥]2)

If we rename R := Q− I and A := K(Π− I), we have

R ≈ A+
1

2
A2 (1)

.
At the first order, R = A+H with H = o(A) so A = R−H.
We want to express H as a function of R instead of A. We have thanks to equation (1) :

R = R−H +
1

2
(R−H)2 = R−H +

1

2
R2 + o(A2) (because R = O(A))

So H = 1
2R

2 + o(A), and A = R− 1
2R

2 + o(A2).

It follows that Π = I +
Q− I

K
− (Q− I)

2K

2

+ o([K∥Π− I∥]2).

By assigning Π’s diagonal to 0, and by noting that the non-diagonal parameters are all depending on

K only by a linear factor
1

K
, we can then easily transform Π to have an approximation of the MFSM

model’s transition matrix (Figure 3) that can be used to assess our model’s predictions in mean.

26



Additional figures

θ1 ∈ [10−7, 10−5] θ1 ∈ [10−6, 10−4]

θ1 ∈ [10−5, 10−3]

Figure 13: Improvement of the inference metrics after each iteration of SMC-ABC-RF

Figure 14: Projection in two dimensions of a posterior distribution
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